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Integration Measure and Spectral Flow in the Critical N=2 String 

Olaf Lechtenfeld a * 

a Institut fur Theoretische Physik, Universitat Hannover 
Appelstrafie 2, D-30167 Hannover, Germany 

I present the moduli space of the (2+2)-dimensional critical closed fermionic string with two world-sheet 
supersymmetries. The integration of fermionic and Maxwell moduli in the presence of punctures yields the string 
measure for n-point amplitudes at arbitrary genus and instanton number. Generalized picture-changing and 
spectral-flow operators emerge, connecting different instanton sectors. Tree and loop amplitudes are computed. 



1. N=2 Strings 

I am reporting on new results obtained in col- 
laboration with Jan Bischoff, a PhD student, and 
Sergei Ketov, postdoc at Hannover. Since I have 
to be brief today, let me refer to our preprints 
for more details Jl|-§. When I talk about N=2 
strings, I mean fermionic strings with two world- 
sheet supersymmetries. Those strings are known 
to be critical in flat complex spacetime C 1 ' 1 . In 
this talk I shall consider only untwisted, oriented, 
closed strings in flat space and will outline their 
covariant path-integral quantization a la BRST in 
the (old-fashioned) NSR description. Most con- 
cepts and techniques should appear familiar to 
string folks from ten years ago. 

Strings with extended supersymmetry were in- 
vented in 1976 HQ]. It took a while to realize 
that their critical flat spacetime is complex two- 
dimensional ||||. The spectral flow automor- 
phism of the N=2 superconformal algebra was 
discovered in 1987 EfJ. N=2 strings have only 
a finite number of massless physical excitations, 
but satisfy duality nevertheless by killing all am- 
plitudes with more than three legs. This curi- 
ous fact was more or less established by Ooguri 
and Vafa H]. A first partial BRST analysis of 
the spectrum was performed in 1992 iQ. Subse- 
quently, Siegel made some interesting conjectures 
about connections to the N=4 string and the pos- 
sibility of spacetime supersymmetry in these the- 
ories [jl3| . Lately, there has been an increase of ac- 
tivity in the field (see, e.g., H)), triggered by the 



embedding of bosonic and 7V=1 strings into N=2 
strings [|l5|-|Tc| and by a new formulation using 
a topologically twisted N=A string |T^,pCj|]. For 



older reviews on the subject, consult refs. |21| , |22| 
Let me begin by listing the world-sheet degrees 
of freedom and their symmetries. The starting 
point is the N=2 world-sheet supergravity ac- 
tion |23fl . The extended supergravity multiplet 
involves the real metric h a p, a complex gravitino 
\a and a real Maxwell field (graviphoton) A a , 
with a = 0, 1. The conformal matter consists of 
two complex string coordinates AT M and two com- 
plex spin 1/2 (NSR) fermions t/> m , with /i = 0, 1. 

The supergravity action is invariant under 
N=2 super-diffeomorphisms and N~2 super- 
Weyl transformations, but shows also a global 
target space symmetry generated by rigid trans- 
lations and a complex 'Lorentz group' of 17(1, 1) X 
Z-2 [[ll| . Superconformal gauge- fixing leads to the 
appropriate set of chiral ghosts, namely a real 
pair of anticommuting reparametrization ghosts 
(6, c) , a complex pair of commuting supersym- 
metry ghosts (/5,7), and a real pair of anticom- 
muting Maxwell ghosts (6, c) , plus their antichiral 
partners. The residual A^=2 superconformal sym- 
metry is generated by the currents (T, G ± , J) . As 
usual, world-sheet fermions may be periodic or 
antiperiodic around the cylinder. Due to their 
complex nature, however, the spin fields map- 
ping Neveu-Schwarz to Ramond states carry dou- 
ble spinor indices, thus qualifying as spacetime 
bosons. Hence, there is no obvious room for 
spacetime supersymmetry. 
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2. N=2 Moduli 



3. The String Measure 



N—2 super Riemann surfaces are topologically 
classified by two invariants, namely the Euler 
number, \ = 2—2.9 = j- J R where g G Z + is the 
genus and R denotes the curvature two-form, as 
well as the instanton number or monopole charge, 
c = j- J F G Z, with F being the field-strength 
two-form. Since the total conformal and 17(1) 
anomalies disappear for dc=2, the local symme- 
tries may be used to eliminate all but finitely 
many N~2 supergravity degrees of freedom for 
any given pair (g,c). What remains is the integra- 
tion over N=2 supermoduli space, parametrized 
m = (mh,m x ,mA) by metric, fermionic, and 
Maxwell moduli. 

Any metric may be decomposed into a back- 
ground part carrying the Euler number, two parts 
given by a diffeomorphism and a Weyl trans- 
formation, plus a moduli component, /i(m^). 
In complex count, the metric moduli space is 
spanned by 3g— 3 holomorphic quadratic differ- 
entials he, which are dual to the Beltrami differ- 
entials. The latter may be generated by quasi- 
conformal vector fields having jump disconti- 
nuities along (a maximal set of) closed, non- 
intersecting, minimal geodesies IV 

The fermionic moduli come in two varieties, 
since they carry a positive or negative unit of 
Maxwell charge. A basis is provided by 2g— 2+c 
positive and 2g— 2— c negative holomorphic §- 
diffcrentials, Xj an d Xk > respectively. It is conve- 
nient to choose these differentials delta-function 
localized in points z+ and z^ on the Riemann 
surface. 

Finally, any Maxwell field may be Hodge- 
decomposed into a background carrying the in- 
stanton number, an exact and a co-exact piece, 
plus a harmonic component A(rriA) represent- 
ing the Maxwell moduli. The latter lives in the 
complex g-dimensional space of holomorphic one- 
forms (or flat connections). A popular real ba- 
sis consists of real one- forms {on,f3i} dual to the 
standard homology basis {ai,bi}. The Maxwell 
moduli space is then parametrized by the twists 
{expi § a A(m,A) , expi § b A(itia)} around the ho- 
mology cycles, showing that it is just a (real) 2g- 
torus. 



Amplitudes for N—2 closed string scattering 
have now been reduced to 

oo 2g-2 

(•••) = E« 2 ~ 29 E A c /dm(...)M (1) 



g=0 



c=2-2 S 



where k and A are the gravitational and Maxwell 
string couplings, and the fixed-moduli correlator 
is given by 



(...)(") 



ig,c 



J L>[A#C/? 7 te] AZI . . . e iS[X-c;m] ^ 

Here, S stands for the gauge-fixed action, and 
proper superconformal gauge fixing has led to the 
antighost zero-mode insertions 

AZI = \H(h e ,b)\ 2 HiatSiPub) (3) 



using the notation (0,u>) = J 9 A *u>. 

The moduli m — (mh,m x ,mA) appear in the 
action (apart from the implicit dependence in the 
Hodge star *) only linearly via 

S(m) ~ (h,T) + ( X ± ,G^) + (A,J) . (4) 

Thus, the integrals over fermionic and Maxwell 
moduli can be performed! The former produces 
a factor of 

2 

(5) 



in^ G ~>n^> G+ > 

3 k 

which combines with part of the AZI to 
\l[PCO-(z+)llPCO+(z-)\ 2 (6) 

j k 

where I defined the picture-changing operators 

PCO ± {z) := 8(f3 ± (z))G ± (z) (7) 

f° r X* ~ S{z—zf). These operators are well- 
known and needed. Their position dependence 
is BRST-trivial, so they may be moved around 
at will. As for the Maxwell moduli, integrating 
them out yields 



n<5(K,j»<5«A,j}) 



(8) 
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which joins another part of the AZI to form 
Y[POO°(a l )PCO°(h) , (9) 

i 

introducing yet another kind of picture-changing 
operator, 

H»°( 7 ) := 6(f*j) /*&, (10) 

associated with a path 7. Note that it are Kro- 
necker 6s which appear in Eqs. (8) and (10). 
POO (7) depends only on the homotopy of 7. The 
novel insertions of POO serve to project the sum 
over the complete set of states flowing through a 
handle onto the charge-neutral sector, as factor- 
ization from pinching the handle demands. 
All taken together, Eq. (1) simplifies to 

(...) = ^k 2 - 29 A c (dm h fD[X-c] M... e * s «("^)(ll) 
g,c 

where the action 

So(m h ) = S[X - c; m h , m x =0,m A =0] (12) 

still depends on g and c through the classical 
background metric and Maxwell field, and the 
string measure takes the form 

M = III / ^ Y[POO°(a t )POO (k) 

1 Te i 

x\l[POO-(z+)l[POO + (z-)\ 2 (13) 

j k 

for g > 2 and |c| < \2g— 2| (sphere and torus need 
minor modifications). 

4. Adding Punctures 

The proper way to deal with string amplitudes 
is to consider the vertex operator insertions (...) 
as N—2 punctures and integrate "standard ver- 
tex operators" over the moduli space of punc- 
tured (super) Riemann surfaces. The term "stan- 
dard" refers to the canonical representation of 
vertex operators, which for N—2 closed strings 
means total ghost number u — and picture 
numbers — — 1. Since the Euler number of a 
n-punctured surface is 2—2g—n, each vertex op- 
erator carries a factor of The presence of n 
external legs then has the following consequences. 



Each puncture introduces an additional (com- 
plex) metric modulus, namely the position z p 
of the puncture. The associated 6-ghost zero- 
mode insertion |/ p 6| 2 may be employed to strip 
the c ghosts off the standard vertex operator 
V c = ccW^ 1,1 ^ (z p ). On the sphere or torus, con- 
formal isomctries yield three or one c zero modes, 
each of which cancels one b zero mode and one 
z p integration, leaving three or one unintegrated 
c-type vertices, respectively. All other vertex lo- 
cations are to be integrated over, in accordance 
with the complex dimension 3g— 3+n of extended 
metric moduli space. 

Likewise, each puncture adds one positive and 
one negative (complex) fermionic modulus, in- 
creasing the complex dimensions of the fermionic 
moduli spaces to 2g— 2±c+n. Repeating the 
computation of the previous section, this simply 
yields 



\'[[POO-(z p )PCO + (zp) 



(14) 



which may be used to convert all vertex operators 
to the ^^=0 picture. A notable exception is again 
the sphere, where two Killing spinors eliminate 
the fermionic moduli of two punctures. 

Finally, the number of Maxwell moduli in- 
creases. The Maxwell field is allowed to develop 
single poles at the punctures, whose residues § p A 
and § *A represent additional moduli. Their 
complex number is n—1 since the meromorphy of 
A forces the sum of the residues to vanish. The 
extra homology cycles dual to these A twists are 
the contours c p around the vertex locations z p , 
paired with curves connecting the punctures to a 
common base point zq. Since a contour encircling 
all vertex locations is homotopically trivial, and 
since one may select one vertex location as base 
point, only n—1 such pairs of curves are indepen- 
dent, in agreement with the counting of moduli. 
Like for the string measure A4, integrating out 
the Maxwell puncture moduli generates 2n—2 in- 
sertions of POO which serve to strip the c ghosts 
off the standard vertex V c = ccW^ ^ (z p ). This 
leaves a single vertex operator dressed with cc, 
exactly what is needed to neutralize the single c 
and c zero modes. 
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In total, the moduli associated with vertex 
punctures can be taken into account by choosing 
an appropriate set of picture- and ghost-number 
representatives for the vertex operators. Correla- 
tors fail to vanish only if their total ghost number 
adds up to zero and their picture numbers sum to 
2 5 -2tc. 

5. Spectral Flow 

A constant shift vtia — > uiA+SniA in the inte- 
gration over the Maxwell moduli should not effect 
any string amplitude. On the other hand, it does 
contribute an additional factor of exp{ — (6 A, J)} 
to the measure, with SA=A(Sitia)- Using d* J=0 
and the fact that SA is harmonic outside the 
punctures, one computes 



{5 A, J) 



E 

z=l 

1 Jc„ J z, 



6 A cp *J - i> 8 A cp *J 

bi Jbi 



(15) 



p=i l p 



Clearly, a residue res p 8A = — 6 at z. p =z induces a 
twist by the "spectral flow operator" 



SFO(0, z) 



exp[2 9 [ *jj 

J Zn 



(16) 



at the puncture. The harmonicity of 6 A implies 
J2 P res p (5A = 0, restricting the puncture twists 
to J2 P ®p = 0- Their effect may be subsumed by 
twisting the vertex operators 

V p (z p ) — » V p ^\z p ) = SFO(0 pi z p ) ■ V p (z p ) . (17) 

A number of interesting remarks are to be 
made here. First, SFO is a local operator, since 
bosonization * J = yields 

SFO(8,z) = A~ e exp{6»$(z)} , (18) 
identifying the Maxwell string coupling 



A = exp{$(z )} 



(19) 



Second, the dependence on the base point z$ (and 
on A) drops out in correlators exactly when the 
total twist vanishes as required, 6 p =0. Third, 
SFO is BRST invariant but not trivially so; its 
derivative, however, is BRST trivial, so I may 



move SFO around at no cost. Fourth, as a conse- 
quence, amplitudes are twist-invariant, 

{v^K..v^) = (v}°K..v^n p sPO(e p )) 

= (V}°K..V^SP0(E P 9 P )) 
= {Vi... V n ) , (20) 

as long as the total twist vanishes. This is 
nothing but Maxwell modular invariance. Fifth, 
SPO(6=±*z) turns NS into R vertices and vice 
versa, explicitly establishing their physical equiv- 
alence. Sixth, SFO seems to ruin global U(l, 1) 
invariance since exp{#$} carries Lorentz charge 
proportional to 9. However, from Eqs. (16- 
19) one concludes that A must transform com- 
pcnsatingly under 17(1, 1), since SFO is BRST- 
equivalent to the unit operator. Thus, the 
Maxwell string coupling is not a Lorentz scalar! 
Seventh, SFO(m&Z, z) creates or destroys a sin- 
gular instanton by way of a singular gauge trans- 
formation, A — > A — mdhiz. More precisely, 

SFO(m, z=0) |c=0) = \- m \c=m) , toGZ (21) 

maps from the trivial to the m-instanton vacuum, 
with the c-value coming from the delta-peaked 
Maxwell field strength integrated over a disc cen- 
tered at z=0. Hence, the amplitude contributions 
with nonzero values of c arise from imposing a 
total twist of J2 P Op = c - Eighth, the instanton- 
numbcr-changing operators 



IOO ± (z) 



A ±x SFO(6=±l, z) (22) 
^±.«yM £( 7 ±) si^) (l =p 2bc)(z) 



may be moved to the punctures, where they 
change the Lorentz charges and the picture as- 
signments (7r + ,7r_) — > (7r + ±l, 7r_^l) of the ver- 
tex operators. In this way, spectral flow may be 
used to convert any c—m correlator of U(l, 1) sin- 
glets to a c=0 correlator of Lorentz- charged vertex 
operators. 

To sum up, I have demonstrated how Maxwell 
moduli transformations correspond to the spec- 
tral flow of the N—2 superconformal algebra, and 
how the latter is implemented on correlators of 
vertex operators. This connection becomes even 
more transparent after bosonizing the spinor mat- 
ter and ghost fields PJ24|. 
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6. Amplitudes 

To illustrate the arguments presented above, 
let me compute the leading contributions to the 
three- and four-point functions of the single mass- 
less scalar particle, restricting myself to one chiral 
half. Like for the bosonic string, the massless chi- 
ral three-point correlator must be antisymmetric 
in the external momenta k a , a=l, 2, 3. From two 
on-shell momenta fc^'^ and k^' u one can form 
three antisymmetric 0(1, 1) invariants, namely 

d° ab = e, u ki+^k; } '» (23) 

c ab ~ K b 

of which only the first one is U(l, 1) invariant. 

For the simplest case of (<?, c, n) = (0, 0, 3) the 
total picture must be (7r + ,7r_) = (—2,-2), so a 
convenient choice of representatives yields 

4°' 0) (fci^2,fc 3 ) (24) 
= (V(k 1 ,z 1 )V(k 2 ,z 2 )V(k 3 ,z 3 )) {0;0) 
= (ccW ( _ 1) _ 1) (1) cW ( _ m (2) cWV-x) (3)) (0 ,o) 

— c 23 

The c=l contribution may be calculated from 
twisting, say, the third vertex operator in Eq. (24) 
by 8—1. The same result obtains when, alter- 
natively, I use untwisted vertex operators in the 
(7r+,7r_) = (—3, —1) background: 

4 0,1) (fcl,*3,fe) (25) 

= (V(k U Z 1 )V(k2,Z2)V(k 3 ,Z 3 )} ( ll) 

= (ccW ( _ 1 ,_ 1) (1) cW ( _ lfl) (2) cW ( „ m (3)) (0 ,i) 

Since |c| < 1 for the tree-level three-point func- 
tion, I find a total of 

Af=° = A- 1 C2 3+ c 3 + Ac+ . (26) 

Taking into account the Lorentz properties of A it 
appears that a singlet is formed from two SU(2) 
triplets. This SU(2) being part of the Lorents 
group {7(1, 1), I conclude that IOO^ play the role 
of spacctimc Lorentz generators! 



It is well-known that the absence of any mas- 
sive resonances enforces the vanishing of the four- 
point function |jll[. Nevertheless, it is instructive 
to verify this claim. The N=2 Veneziano ampli- 
tude receives from c—0 the term 

Af' 0) (k 1 ,k 2> k 3 ,k 4 ) ( 27 ) 
= {ccW^ lfi ) JW {0 -i)cW^ lfi) cW {0 -i))(o,o) 
oc k-^ ' ^2 ^3 ' ^4- ^ k-^ ' k^ k<2 ' k^ s 

OC Ci2 c 3At + c 14 c 32 s — 16stu 

= o , 

due to the peculiar massless kinematics in C ' . 
The application of spectral flow extends this van- 
ishing to all nonzero values of c. 

The machinery to evaluate loop corrections is 
now in place. As an example, the one-loop three- 
point correlators turn out as 

4' c) oc (^ 3 ) 3HC| (43) |C| (28) 

with e=sign(c)=± and c = —3, . . . , +3. Since all 
amplitudes with more than three legs should van- 
ish for any value of g and c, only the one-, two- 
and three-point functions for g > 2 are yet to 
compute. 

The expressions for A^ 9 '^ are to be interpreted 
as string loop and instanton corrections to the 
effective spacetime action, which happens to be 
self-dual Yang-Mills and self-dual gravity for open 
and closed critical N=2 strings, respectively. 

I would like to thank my coworkers, Jan Bischoff 
and Sergei Ketov, and gratefully acknowledge 
fruitful discussions with George Thompson and 
Andrei Losev. 
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